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Abstract 

We investigate a new property of nets of local algebras over 4- 
dimensional globally hyperbolic spacetimes, called punctured Haag du- 
ality. This property consists in the usual Haag duality for the restric- 
tion of the net to the causal complement of a point p of the spacetime. 
Punctured Haag duality implies Haag duality and local definiteness. 
Our main result is that, if we deal with a locally covariant quantum 
field theory in the sense of Brunetti, Fredenhagen and Verch, then also 
the converse holds. The free Klein- Gordon field provides an example 
in which this property is verified. 

1 Introduction 

The charged sectors of a net of local observables in a 4-dimensional globally 
hyperbolic spacetime have been investigated in |4j. The sectors define a 
C*-category in which, except when there are geometrical obstructions, the 
charge structure arises from a tensor product, a symmetry and a conju- 
gation. Geometrical obstructions occur when the spacetime has compact 
Cauchy surfaces: in this situation neither the classification of the statistics 
of sectors, nor the existence of a conjugation, have been established. Impor- 
tant progress in this direction has been achieved in [0]. In that paper the 
key assumption is that, given the net of local observables over M, its restric- 
tion to the causal complement of a point p of M fulfils Haag duality. This 
allows the author to classify the statistics of sectors, and to provide several 
results towards the proof of the existence of a conjugation. The property 
assumed in 0, which we call punctured Haag duality, is the subject of the 
present paper. We will demonstrate that a net satisfying punctured Haag 
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duality is locally definite and fulfils Haag duality. Furthermore, if we deal 
with a locally covariant quantum field theory then we are able to show 
that punctured Haag duality is equivalent to Haag duality plus local defi- 
niteness. This will allow us to provide an example, the free Klein-Gordon 
field, satisfying punctured Haag duality. 

According to [Q, once a locally covariant quantum field theory is given, 
to any 4-dimensional globally hyperbolic spacetime M, there corresponds a 
net of local algebras £/x(M) satisfying the Haag-Kastler axioms |S] . Namely, 
£^x{M) is an inclusion preserving map IK(M) 3 — > -^{0) C -s/ (M) as- 
signing to each element of a collection 3<!(M) of subregions of M a C*- 
subalgebra A{0) of a C*-algebra =0^(M), and satisfying 

Oi _L ^ [A{Oi),A{0)] =0 locality. 

In words locality means that if Oi is causally disjoint from 0, then the 
algebras A{(Di), A{0) commute elementwise. A{0) is the algebra generated 
by all the observables measurable within the region 0. The main new feature 
with respect to the Haag-Kastler framework is that if ip is an isometric 
embedding from M into another 4-dimensional globally hyperbolic spacetime 
Ml, then there is a C*-morphism from £/(M.) into £/(M.i) which maps 
isomorphically ^(0) onto A{'ip{0)) for each € 3C(M) (see or Section 
mi] for details). 

Now, turning to the subject of the present paper, given a state lo ois^ (M) 
and denoting by vr the GNS representation of w, we say that {Ax(m)i'-^) 
satisfies punctured Haag duality if for any point p of M the following identity 

7r(A(Di))" = n { Tr{A{D)y \D G X^M), D ± (Di U {p})} (1) 

is verified for any Di G 3Co(M) such that Di -L {p}, where 3Co(M) is the sub- 
collection of 3C(M) formed by the regular diamonds of M (see Section [3. If) . 
In the Haag-Kastler framework, punctured Haag duality implies Haag dual- 
ity and local definiteness (Proposition 14. l|) . The main result of the present 
paper is that, in the setting of a locally covariant quantum field theory, 
punctured Haag duality is equivalent to Haag duality plus local definiteness 
(Theorem 14.41 and Corollary 14. 5() . 

The basic idea of the proof of Theorem 14.41 is the following. The con- 
dition T) _L {p} means that the closure D of D is contained in the open 
set M \ J(p). The spacetime Mp = M \ J(p) is globally hyperbolic, hence, 
there is a net of local algebras ^x(jvtp) associated with Mp. Now, as the 
injection Lp of Mp into M is an isometric embedding, local covariance allows 
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us to identify the net =2^x{3vt ) with the restriction of i2^3c(M) to M \ J(p), 
and the algebra ^/(Mp) with a subalgebra i/(M). Then, if is a state 
of s^CM), punctured Haag duahty for {£/oc[m)j^) seems to be equivalent 
to Haag duality for (=2/ac{3vtp)) '^[^/(Mp))- This is actually true, but, there is 
a subtle point that has to be carefully considered: the regular diamonds 
of Mp might not be regular diamonds of M. However, we will be able to 
circumvent this problem by means of the following result: the set 3Co(Mp) 
and the set {D G 3Co(M) \D C M \ J(p)} have a common "dense" subset 
(Proposition . 

As an easy consequence of this result, we will show that the free Klein- 
Gordon field over a 4-dimensional globally hyperbolic spacetime, in the rep- 
resentation associated with a pure quasi-free state satisfying the microlocal 
spectrum condition, fulfils punctured Haag duality f Proposition 14. 6() . The 
same holds for pure adiabatic vacuum states of order N > ^ (Remark 14 .711 . 

2 Preliminaries on spacetime geometry 

We recall some basics on the causal structure of spacetimes and establish 
our notation. Standard references for this topic are [HIIHIE]- 
Spacetimes A spacetime M consists in a Hausdorff, paracompact, smooth, 
oriented 4-dimensional manifold M endowed with a smooth metric g with 
signature (— , -|-, -|-, -|-), and with a time-orientation, that is a smooth vector 
field V satisfying gp{vp,Vp) < for each p G M. (Throughout this paper 
smooth means C°°). 

A curve 7 in M is a continuous, piecewise smooth, regular function 
7 : / — > M, where / is a connected subset of R with nonempty inte- 
rior. It is called timelike, lightlike, spacelike if respectively g(7, 7) < 0, 
= 0, > all along 7, where 7 = Assume now that 7 is causal, i.e. a 
nonspacelike curve; we can classify it according to the time-orientation v as 
future-directed (f-d) or past-directed (p-d) if respectively g(7, v) < 0, > 
all along 7. When 7 is f-d and there exists limt^sup/ 7(t) (limj^inf / 7(t)), 
then it is said to have a future (past) endpoint. In the negative case, it is 
said to be future (past) endless; 7 is said to be endless if none of them exist. 
Analogous definitions are assumed for p-d causal curves. 

The chronological future l'^{S), the causal future J~^{S) and the future 
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domain of dependence D^(S') of a subset S" C M are defined as: 

I^(«S') = {x G M [ there is a f-d timelike curve from S to x }; 

J'^(S') = 5 U {x € M [ there is a f-d causal curve from 5 to x }; 

0^(5) = {x G M I any p-d endless causal curve through x meets S }. 

These definitions have a dual in which "future" is replaced by "past" and 
the + by -. So, we define 1(5) = 1+{S) U I" (5), J(5) = J+(5) U J" (5) 
and T){S) = D^{S) U D~(5). We recall that I"''(S') is an open set, and that 
J+(S) =F(5) and (J+(5))° = I+(5). _ _ 

Two sets S,V C M are causally disjoint, 5 _L F, if 5" C M \ J{V) or, 
equivalently, if y C M \ J(5). A set S is achronal if 5 PI I(S') = 0; it is 
acausal if {p} _L {g} for each pair p,q £ S. A (acausal) Cauchy surface C of 
M is an achronal (acausal) set verifying D(C) = M. Any Cauchy surface is a 
closed, connected, Lipschitz hypersurface of M. A spacelike Cauchy surface 
is a smooth Cauchy surface whose tangent space is everywhere spacelike. 
Any spacelike Cauchy surface is acausal. 

Global hyperbolicity A spacetime M is strongly causal if for each point p 
the following condition holds: any neighbourhood U oi p contains a neigh- 
bourhood V oi p such that for each gi,(?2 G V the set i~^{qi) H J^((72) is 
either empty or contained in V . M is globally hyperbolic if it admits a 
Cauchy surface or, equivalently, if it is strongly causal and for each pair of 
points pi, p2 the set J^(pi) H J~{p2) is empty or compact. Assume that 
M is globally hyperbolic. Then M can be foliated by spacelike Cauchy 
surfaces [2]. Namely, there is 3-dimensional smooth manifold S and a 
diffeomorphism F : M x S — > M such that: for each t G M the set 
Ct = {F(t,y) I 2/ G S} is a spacelike Cauchy surface of M; for each y £ T,, 
the curve t G M — > F{t, y) G M is a f-d (by convention) endless timelike 
curve. For any relatively compact S" C M the following properties hold: 
1. J^{S) = J~^{S); 2. D"'"(5) is compact; 3. for each Cauchy surface C the 
set J"'' (5) n C is either empty or compact; 4. J+(5' U {p}) = J+(5' U {p}) for 
any p G M such that S D {p} = 0. 

The category OJlon Ij Let M and Mi be globally hyperbolic spacetimes 
with metric g and gi respectively. A smooth function ijj from Mi into M is 
called an isometric embedding if ip : Mi — > ip^Mi) is a diffeomorphism and 
■0*81 = E.\ip(Mi)- The category Tlan is the category whose objects are the 
4-dimensional globally hyperbolic spacetimes; the arrows Hom(Mi,M) are 
the isometric embeddings ip : Mi — > M preserving the orientation and the 
time-orientation of the embedded spacetime, and that satisfy the property 

Vp, g G ipCMi), J^(p) n 3~{q) is either empty or contained in V'(Mi). 
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The composition law between two arrows and (f), denoted hy ipocj)^ is given 
by the usual composition between smooth functions; the identity arrow idj^ 
is the identity function of M. 



3 Causal excisions and regular diamonds 

We present two index sets for nets of local algebras over a globally hyperbolic 
spacetime M: the set 3C(M) and the set of the regular diamonds 3Co(M). 
Furthermore, we introduce the spacetime Mp, the causal excision of p € M, 
and study how 3C(Mp) and DCo(Mp) are embedded in M. 



Let us consider a globally hyperbolic spacetime M with metric g. The set 
3C(M) P is defined as the collection of the open sets of M which are 
relatively compact, open, connected and enjoy the following property: for 
each pair p,q £ the set J~^{p) H J~{q) is either empty or contained in 0. 
The importance of 3C(M) for the locally covariant quantum field theories 
derives from the following properties that can be easily checked: 



where for € DJtan we mean that with the metric gl^ and with induced 
orientation and time orientation is globally hyperbolic. Property (jSJ allows 
one to associate a net of local algebras with M; property ^ makes the 
algebras associated with isometric regions of different spacetimes isomorphic. 
IK(M) however is a too big index set for studying properties of the net like 
Haag duality and punctured Haag duality (see Section E2j. For this purpose 
the set of the regular diamonds of M is well suited . Given a smooth 

manifold !N", let 

= { G C 'N \ G and ?^\G are nonempty and open, G is compact and 
contractible to a point in G; dG is a two-sided, locally flat embedded 
C'^-sub manifold of !N having finitely many connected components, and 
in each connected component there are points near to which dG is C°°- 
embedded }. 

Then, a regular diamond T) is an open subset of M of the form D = (D(G))° 
where G G (5(6) for some spacelike Cauchy surface C; D is said to be based 
on C, while G is called the base of T). We denote by 3<Co(M) the set of the 



3.1 The sets %{'M) and 



G aC(M) ^ G OJton 
V'GHom(Mi,M) ^ V(3^(Mi)) C DC(M), 



(2) 
(3) 
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regular diamonds of M, and by 3Co(M, C) those elements of 3Co(M) which 
are based on the spacelike Cauchy surface S. 

The set X^{M) is a base of the topology of M and 3Co(M) C 3C(M). 
Moreover, let us consider 1) £ 3Cc,(M, C) and an open set U such that T> C U. 
Then there exists ([TTJ Lemma 3]) Di G XoCM, C) such that 

VcVi ©1 C (D(?7 n e))°. (4) 

Now, notice that 

V^GHom(Mi,M) V(3^o(Mi)) C 3<;(M), 

but ^/>(IKo(Mi)) might not be contained in DCo(M). To see this, consider 
a spacelike Cauchy surface Ci of Mi and notice that ip{Ci) is a spacelike 
hypersurface of M. If Di is a regular diamond of Mi of the form (D(Gi))°, 
where Gi € ©(Ci), then 

^^((0(^1))°) = (D(V'(Gi))r and ^(d) e 6(^(61)) 

However, in general a spacelike Cauchy surface C of M such that V'(Ci) Q C 
does not exist (see for instance Remark \'A.2^ . More in general, we do not 
know whether V'(G'i) S (J5(C) for some spacelike Cauchy surface C of M. So, 
we have no way to conclude that ip{T)) S IKo(M). 

3.2 Causal excisions 

Consider a globally hyperbolic spacetime M, with metric g, and a point p 
of M. As the set M \ J(p) is open and connected, the manifold 

Mp = M \ J{p) endowed with the metric gp = g|3vt\j(p), (5) 

and with the induced orientation and time-orientation, is a spacetime. Mp 
inherits from M the strong causality condition because this property is stable 
under restriction to open subsets. Moreover, for each pair pi,p2 G M \ J{p) 
the set J~^{pi)nJ~{p2) is either empty or compact and contained in M\ J(p) 
(the compactness follows from the global hyperbolicity of M). Hence Mp is 
globally hyperbolic, thus Mp G 9Jtan. We call Mp the causal excision of p. 
Let us now denote by Lp the injection of Mp into M, that is 

M \ J{p) 3 q — > Lp{q) = q eM. 

Clearly, ip G Hom(Mp,M). 
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Proposition 3.1. Given a globally hyperbolic spacetime M, let Mp be the 
causal excision of p ^ M. If Q is an acausal (spacelike) Cauchy surface of 
M that meets p, then C \ {p} is an acausal ( spacelike ) Cauchy surface of Mp . 
Conversely, if Cp is an acausal Cauchy surface of Mp, then Cp U {p} is an 
acausal Cauchy surface of M. 

Proof. (^) e \ {p} is an acausal set of Mp and D+(e \ {p}) C D+(e) \ J(p). 
Conversely, if g G D"'"(C)\J(p) each p-d endless causal curve througii q meets 
e but not p. Hence D+(e\{p}) 2 D+(e)\ J(p). This implies D+(e \ {p}) = 
D+(e) \ J(p) and the dual equality D-(e \ {p}) = \ J(p). Therefore 



D(e\M) = D+(e)\j(p) u D-(e)\j(p) = (D+(e) u D-(e))\j(p) = m\j(p). 



Clearly if C is spacelike, then C \ {p} is spacelike. This completes the proof. 
{<=) Set e = CpU {p} and notice that M\ J(p) = T){Qp) C D(e). Now, given 
q € i~^{p) let us consider a p-d endless causal curve 7 through q that does 
not meet p. Because of global hyperbolicity 7 leaves J^(p). Each connected 
component of 7 n (M \ J(p)) is a f-d endless causal curve of Mp, therefore it 
meets Cp. This entails J(p) C D(C) and that D(C) = M. In order to prove 
that C is acausal, assume that there exists a f-d causal curve 7 : [0, 1] — y M 
that joins two points qi and q2 lying on C. If one of the two points is p, then 
7(t) G J(p) for each t £ [0, 1], and this leads to a contradiction. If qi,q2 7^ p, 
and 71"! J(p) = 0, then 7 would be a f-d causal curve of Mp joining two points 
of Cp, and this leads to a contradiction. The same happens in the case where 
qi,q2 / p and 7 fl J(p) / 0. In fact, if 7(ti) G J+(p), then 7(t) G J+(p) 
for each t > ti. Analogously, if 7(ti) G J~(p), then 7(t) G J~(p) for each 



Remark 3.2. Let Cp be a spacelike Cauchy surface of Mp. Because of 
Proposition 13.11 Cp U {p} is an acausal Cauchy surface of M. However, it is 
not smooth in general. Consider for instance the Minkowski space M^. Let 



where (,) denotes the canonical scalar product of M^. is the causal 
excision of o = (0,0,0,0), and Co is a spacelike Cauchy surface of M^. 
Clearly, Co U {0} is a nonsmooth hypersurface of M'^. 

We now turn to study how the injection tp embeds X(Mp) and 3Co(Mp) 
into M. Concerning 3<C(Mp) one can easily prove that 



t < ti. 



□ 



M^^={{t,x) G 
Co = G 



t^ + {x,x) > 0}, 

4 • = 0, t> 0}, 



X{Mp) = {0 G 3C(M) \0 -L{p} }. 



(6) 
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As for regular diamonds, in general we do not know whether 3Co(Mp) C 
3Co(M) (see the observation made in the previous section). However, the set 

aCo(Mp A M) = aCo(Mp) n Xo(M) (7) 

of the regular diamonds shared by Mp and M is not empty. In fact, notice 
that if C is a spacelike Cauchy surface of M that meets p, then by Proposition 
EmCp = e \ {p} is a spacelike Cauchy surface of Mp. Since ©(Cp) C ©(C), 
we conclude that 

3<:o(Mp, Qp) = {D e 3<;o(M, e) I 1? ± {p} } C 3<:o(Mp a M). (8) 

Furthermore, 3<:o(Mp A M) is a "dense" subset of both 3<:o(Mp) and {D G 
D<!o(M) I D _L {p}}, as the following proposition shows. 

Proposition 3.3. For each pair D^Vi € %^{JAp) such that D C Di, there 
exists T>o E 3Co(Mp A M) such that T) C Dq, Dq C Di. The same result 
holds true for each D, Vi £ {V £ X^M) \ V _L {p}} such that V cT>i. 

Proof. The proof follows from Propositions IA.3| I A. 41 □ 

4 Punctured Haag duality 

This section is devoted to the investigation of punctured Haag duality. We 
will start by recalling the axioms of a locally covariant quantum field theory. 
Afterwards, we will show necessary and sufficient conditions for punctured 
Haag duality, both in the Haag-Kastler framework and in the setting of the 
locally covariant quantum field theories. Finally, we will apply these results 
to the theory of the free Klein-Gordon field. 

4.1 Locally covariant quantum field theories 

The locally covariant quantum field theory is a categorical approach to the 
theory of quantum fields incorporating the covariance principle of general 
relativity T. In order to introduce the axioms of the theory, we give a 
preliminary definition. Let us denote by 2t[g the category whose objects are 
unital C*-algebras and whose arrows ilom{Ai,A2) are the unit-preserving 
injective C*-morphisms from Ai into A2- The composition law between the 
arrows ai and 02, denoted by ai o 02, is given by the usual composition 
between C*-morphisms; the unit arrow idji of lioni{A,A) is the identity 
morphism of A. 
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A locally covariant quantum field theory is a covariant functor si 
from the category 9Jtan (see Section |2) into the category Sttg, that is, a 
diagram 



Ml 



■Ms 



■=f/(M2), 



^/(Mi 



where = ^(V')> such that aidj^ = idt/(3vt)5 ^-iicl o 



V' G Hom(Mi,M) andcj) G Hom(M, M2). The functor , 
if, given ipi G Hom(Mi,M) for i = 1, 2, 



at^oj/) fo'^ each 
is said to be causal 



V'i(Mi) ± V2(M2) ^ [av,iK(Mi),a^2(=c/(M2))] =0, 

where V'i(Mi) _L V'2(M2) means that ■0i(Mi) and V'2(M2) are causahy dis- 
joint in M. From now on will denote a causal locally covariant quantum 
field theory. 

We now turn to the notion of a state space of s/ . To this aim, let 
St5 be the category whose objects are the state spaces S(A) of unital C*- 
algebras A, namely S(A) is a subset of the states of A closed under finite 
convex combinations and operations u){-) — > uj{A* ■ A) /ijj{A* A) for j4 G ^1. 
The arrows between two objects S(A) and %'{A') are the positive maps 
7* : S(A) — > S'(yi'), arising as dual maps of injective morphisms of C*- 
algebras 7 : A' — > A, by '^*uj{A) = a;(7(yl)) for each A G A. The com- 
position law between two arrows, as the definition of the identity arrow of 
an object, are obvious. A state space for s/ is a contravariant functor S 
between Tlan and 6ts, that is, a diagram 



Ml 
s 

§(Mi 



M2 
s 

§(M2), 



where S(Mi) is a state space of the algebra s/ (Mi), such that a*^^ = 'jc?s(M)) 
and a^o a*^ = a*^^^ for each ip G Hom(Mi, M) and 4> G Hom(M, M2). 

In conclusion let us see how a net of local algebras over M G dJtan 
can be recovered by a locally covariant quantum field theory s/. For this 
purpose, recall that by © any G 3C(M), considered as a spacetime with 
the metric g|o, belongs to Tlan. The injection lj^^q of into M is an 
element of Hom(0,M) because of the definition of 3C(M). Then, by using 
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«tiv[,o S Hom(j#(0),j#(M)) to define ^1(0) = a.^^ ^ {-(^{0)), it turns out 
that the correspondence £1^x(m)j defined as 

aC(M) 9 — > A{0) C ^(M), (9) 

is a net of local algebras satisfying the Haag-Kastler axioms. As for the 
local covariance of the theory, let Mi € Tlan with the metric gi. Notice 
that ifip e Hom(M,Mi), then V(0) S 3<:(Mi) for each G K{M). Since 
''Ml 4){0) ° ° ''M,0 is an isometry from the spacetime into the spacetime 
ip{0) — the latter equipped with the metric gi|^(o) — one has that 

QV, : A(0) C =£/(M) — > A{ijj {0)) C (Ml) (10) 

is an C*-isomorphism. 

4.2 Punctured Haag duality in the Haag-Kastler framework 

We investigate punctured Haag duality in the Haag-Kastler framework. 
This means that we will study punctured Haag duality on the net of local 
algebras £^x(m)^ associated with a spacetime M G 9Jton by ©, without 
making use of the local covariance ()10() . In this framework, we will obtain 
two necessary conditions for punctured Haag duality. 

To begin with, let w be a state of the algebra (M) and let vr be the 
GNS representation associated with to. We recall that (^x(3vt);'^) is said to 
be locally definite if for each p S M, 

C • 1 = n{TT{A{V))" I p G D e 3<;o(M)}; 

it said to satisfy Haag duality if for each Di € 3Co(M), 

■jr{A{Vi))" = n{7r{A{1))y \V € X^M), V ± Di}. 

These properties (and also punctured Haag duality) are defined in terms of 
the local algebras associated with regular diamonds. The reason is that Haag 
duality has been proved, in models of quantum fields, only when the local 
algebras are defined in regions of the spacetime like the regular diamonds 

Hmni El- 
Punctured Haag duality is strongly related to Haag duality and local 
definiteness, as the following proposition shows. 

Proposition 4.1. Assume that {'S/jc{m)^^) satisfies punctured Haag duality. 
Then, {£^x{M) > ^) satisfies Haag duality. Furthermore, if uj is pure and 

7r{^{M)) C {u{tt{A{0))"\ eX{M), M\Oy^0})", (11) 
where vr is the GNS representation of uj, then {£^x,{'M)^^) ^s locally definite. 



10 



Proof. Obviously {'S/'x{m)j^) fulfils Haag duality. As for the proof of local 
definiteness, let us define = n{7r(yi('D))" \p e V £ 3<;o(M)}, for p £ M. 
Notice that, as JC^^CM) contains a neighbourhoods basis for each point p of 
M, locahty entails that fHp C TT{A{D)y for each V G X^{M), V _L {p}. 
Combining this with punctured Haag duality we have that 9\p C 7r(A(D))", 
therefore 

np c tt{a{1)))" n TT{A{v)y D G aCo(M), d ± {p}. (*) 

Now, let pi G M be such that {p} 1. {pi}. For each T) G 3<!o(M) containing 
Pi, we can find Di G 3<:o(M) such that pi G O^i C 2) and Di _L {p}. This 
and (*) imply that C and, by the symmetry of _L, that fHp = 9^p^. 
For a generic g G M we can find a finite sequence pi, . . . ,Pn, such that 
{p} ± {pi}, {pi} ± te}, • • • ,{Pn} -L {q}- Consequently, 9\p = and 
C 7r(yi(D))" n iT{A{D)y for each D G X^{M). We also have that ^p C 
7r(yi(0))" n 7r(yi(0))' for any G X{M) such that M \ is nonempty. The 
irreducibility of vr and complete the proof. □ 

For later purposes, it is useful to note that if i'S/x^M)^^) satisfies Haag 
duality, then (^ac(3vt) j is outer regular, that is for any Di G XoiM,) we 
have 

7r(yi('Di))" = n {TT{A{V)y' I Vic'De aCo(M)}. (12) 

In fact, consider 2)2 G 3<Co(M) such that D2 -L Di. This means that Di is 
contained in the open set M \ J(2)2) = M \ J(D2). By Q there is a regular 
diamond I) such that Di C D and D 1. T>2- This with the observation that 
7r(yi('D))" C 7r(yi(D2))', imply that 

^(yi(Di))" C n{ Ti{A{'D)y' \T) G 3<;o(M), Vi C 2)} 

c n{7r(yi(a32))' |2)2 g 3Co(M), 0^2 ± 2)1} = 7r(yi(2)i))" 

completing the proof of (fT^ . 

4.3 Punctured Haag duality in a locally covariant quantum 
field theory 

In the Haag-Kastler framework we have seen that punctured Haag duality 
implies Haag duality and local definiteness. On the other hand, in the setting 
of the locally covariant quantum field theories, the relation between these 
properties is stronger. To make a precise claim, let us consider a locally 
covariant quantum field theory , and let ©hl(-2^)> &pY{{^) be two sets of 
state spaces of defined as follows: 
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• ShlI-s^) is the family of state spaces S of such that, for any M G 
Tlan and for any pure state to G §(M) the pair (^3c(Jvt)) is locally 
definite and satisfies Haag duality; 

• &p}i{£/) is the family of state spaces § of £/ such that, for any M G 
Tlan and for any pure state to G S(M) the pair {^/j^^^^jyi-^ , uj) satisfies 
punctured Haag duality and 

Then, we will prove that = &pn{-s^)- Notice that &pu{-s^) ^ 

ShlI-k^) because of Proposition 14.11 Moreover, one can easily see that, if 
8 G ©hlI-k^) and u G S(M), then u; is a pure state of £/ (M) and (^x(Jvt)i 
fulfils (fTT|) . So, what remains to prove is that {£^x(m)t^) satisfies punctured 
Haag duality. 

To begin with, let us take 8 G M G OJton, p G M, and a state 

u; G §(M). Let Mp be the causal excision of p, and let 

be the net associated with Mp, where the subscript p is added in order 
to avoid confusion between the elements of £^x(jvtp) and those of 
Observing that Lp G Hom(Mp,M), we can define 

cUpiA) = aluiA) = u;{a,^{A)), A G ^{Mp). 

Since lo G S(M) and ujp = a*^u:, by the definition of state space ujp belongs 
to S(Mp). The first step of our proof consists in showing that (s^xiTvip) ^ '^p) 
satisfies Haag duality that, according to the definition of Shl('2/) it is equiv- 
alent to prove that is pure. To this aim let us define 

V,^7rp{A)np = Tr{a,^{A))n, Ae£/{Mp), 

where (IK, vr, fi) and CKp^-Kp^Qp) are respectively the GNS constructions 
associated with uj and LOp. 

Proposition 4.2. (-^x^Mp) , t^p) satisfies Haag duality. In particular: 

a) the representation vr o a^^ o/i2/(Mp) is irreducible; 

b) Vi,^ G {-Kp, IT o Otp) is unitary, hence u)p is pure. 

Proof, a) Let T G (vr o a^^^ir o a^^). Given Vi G IKo(M) such that p G 
Vi, let us consider V G X^{M), V ± Vi. By © D belongs to %{M.p) 
and by ^ A{V) = a,^{Ap{V)). Thus, T G (vr f A{V),it \ A{V)) for 
each regular diamond of M causally disjoint from Di. By Haag duality 
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T G 7r(yi(Di))" for each T>i G %^{yC) such that p G I>i; hence by lo- 
cal definiteness T = c • 1 completing the proof, b) Observe that for each 
A G =e/(Mp) we have \\V,^Trp{A)%\\'' = ||7r(a,^(^))0||2 = {n,TT{a,^{A* A))^) 
= ujp{A* A) = ||7rp(A)r2p|p. This entails that V^^ is a unitary intertwiner 
between vr^ and vr o because Vlp is cyclic for vTp and vr o is irreducible. 
Therefore vTp is irreducible and, consequently, ojp is pure. Finally, as observed 
above, {■s^oc{Mp)->'^p) satisfies Haag duality. □ 

We do not know whether the sets XoO^p) and {D G 3Co(M) | D ± 
{p}} are equal or not. If they were the same, punctured Haag duality for 
{s^'X{'M) ^) would follow from Haag duality for {£^3c{'Mp)-,^p)- Nevertheless, 
by Proposition ESI the sets %<,{Mp) and {D G aCo(M) | D ± {p}} have a 
common "dense" subset: the set %(^{M.p A M). This is enough for our aim 
and will allow us to prove punctured Haag duality in two steps. 

Lemma 4.3. For any Di G 3Co(Mp A M) the following identity holds 

7r(yi(a3i))" = n{ 7r(yi(a3))' | d g aCo(M), ± cDi u {p})} 

Proof. Let us consider G 3^o(Mp), V2 -L Vi. The closure of is 
contained in the open set M\J(DiU{p}) (see Sectional)- By ProDosition l3.3l 
there is Do G 3<:o(MpAM) satisfying the relations V2 C T>o, T>o ± (T)iU{p}). 
This leads to the following inclusions 

^(yi(Di))" c n { TT{A{Do)y I G 3<;o(M), Vo ± CDi U {p})} 

C n { 7r{A{V2)y 1^2 G 3Co(Mp), V2 ± Di} (*) 

Recah now that by Proposition Olb 7r(yi(Di))" = Kp7rp(yip('Di))"y,* . As 
('2^3<;(Mp)5 "^p) satisfies Haag duality we have 

7t{A{V^))" = V,^ (n{ 7rp{Ap{V2)y \V2 G Xo{Mp), V2 ± Vi}) V;^ 

= n{ 7r(yiCD2))' I D2 G 3Co(Mp), D2 ± Vi} 

Combining this with (*) we obtain the proof. □ 

Theorem 4.4. Given § G for any M G OJtan and for any uj G 

S(M) the pair {s^'x{m)^^) satisfies punctured Haag duality. 

Proof. Let oj G 8(M) be a pure state of ^(M), and let vr be the GNS 
representation associated with u. Fix p G M and Di G 3Co(M) such that 
Di ± {;?}. Notice that if T>2 G 3Co(M) such that Di C I>2, then Di is 
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contained in the open set T>2 fl (M \ J(p)). By Proposition 13.31 there is 
Vo G X^Mp A M) such that Vi C Vo,Vo C I>2 and 1- {p}- As 
fulfils the hypotheses of Lemma 14.31 we have 

Tr{A{Di))" C n { vr(yi('D))' \1) G X^M), D ± (l^i U {p})} 
C n {TT{A{D)y \D G aCo(M), D ± (Do U {p})} 
= vr(yiCDo))" C vr(yiCD2))". 

These inclusions are verified for any 2)2 G 3Co(M) such that T>i C 1)2. Hence, 
the outer regularity ((T^ implies that (s/x^im) i '-^) satisfies punctured Haag 
duality. □ 

This theorem and the observations at the beginning of this section lead 
to the following 

Corollary 4.5. 6hl(=5^) = ©ph(=2^)- 



4.4 The case of the free Klein-Gordon field 

The theory of the free Klein- Gordon field provides, as shown in pQ, an 
example of a locally covariant quantum field theory W with a state space 
S^. The functor W is defined as the correspondence M — > y^(M) that 
associates to any M G Tlan the Weyl algebra ^(M) of the free Klein- 
Gordon field over M. 8^ is defined as the correspondence M — > S^(M) 
that to any M associates the collection of the states of WpVl) which are 
locally quasiequivalent to quasi- free states of /^(M) fulfilling the microlocal 
spectrum condition (or equivalently the Hadamard condition). We refer the 
reader to the cited paper and reference therein for a detailed description of 
this example. We now prove that for any uj G S^(M) the pair {'^x(m)^^) 
is locally definite and, if uj is pure, satisfies Haag duality. Hence, G 
and by Theorem 14.41 . uj) satisfies punctured Haag duality 

for any pure state u) G S^j(M). 

Let us start by recalhng that two states u!,uji of W{M.) are said to be 
locally quasiequivalent if for each G 3C(M) there exists an isomorphism 
po : 7r(W(0))" — > 7ri(W(0))" such that po7r{A) = 7ri{A) for each A G 
'W(O), where tt,tti are respectively the GNS representations of uj and uji. 
Furthermore, we need to recall the following fact f jlUl Theorem 3.6]): for 
each M G 9Jtan, if o;^ is a quasi-free state of /^(M) satisfying the microlocal 
spectrum condition, then (^^^(jvt))'^/^) locally definite and, if to^ is pure, 
it satisfies Haag duality. 
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Proposition 4.6. 8^ G 6hl(^)- Therefore, (/^(m))"^) satisfies punctured 
Haag duality for any pure state uj G S^(M). 

Proof. Fix M S 9Jtan and consider a pure state lo of y^(M) which is locally 
quasiequivalent to a quasi-free state uj^ satisfying the microlocal spectrum 
condition. Let vr and vr^ be the GNS representations of to and o;^ respec- 
tively. It has already been shown in that (>^(3vt) , uj) satisfies Haag 
duality. Hence it remains to be proved that (>^(3vt),w) is locally definite. 
To this aim, fix p E M and Di S IKo(M) such that p € Di. As observed 
above (#'3<:(m)>'^m) is locally definite. This entails that n{7r^(W(D))" |D G 
IKo(M), pG!DcDi} = C- l because DCo(M) contains a neighbourhoods 
basis of p. Being uj locally quasiequivalent to w^, there is an isomorphism 
from 7r(W(Di))" onto 7r^(W(Di))" such that PB^7r(A) = 7r^(^) for each 
A G Hence 

p^^ : n{ 7r(W(2)))" [p G D c Di} ^ n{ Tr,,{W{D))" b G D C Di} = C • 1 

is an isomorphism and, consequently, (#3<;(jvt) ' ^) is locally definite. □ 

Remark 4.7. It is worth mentioning that the family of the adiabatic vac- 
uum states of order > |, studied in [H], is contained in S^: any such 
state is locally quasiequivalent to a quasi-free state fulfilling the microlocal 
spectrum condition. 

A Proof of the Proposition 13.31 

The proof of the Proposition 13.31 comes by a slight modification of the Lem- 
mas 5, 7 and 8 of [HI- So, we give a detailed description only of the modified 
parts of the proofs and refer the reader to the cited paper for the assertions 
that we will not prove. 

We start by recalling some results of the cited paper. Let M G Tlan and 
let F : M X S — M be a foliation of M by spacelike Cauchy surfaces. For 
each acausal (spacelike) Cauchy surface C, there is an associated pair (re, fe) 
where Tq : S — > M is a continuous (smooth) function, while fe, defined as 

fe{y) = FiT,{y),y), y G S, 

is an homeomorphism (diffeomorphism) fg : S — > Q. Given another acausal 
Cauchy surface Co and the corresponding pair (Te„,feo), the map $eo,e : 
C — > Co defined as 

<fe„,e(p) = (fe„of-l)(p), Vp G C, 
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is dbH liomcomorphism (difFcomorpliism if C and. Qq are spacelike). 

Now, consider the causal excision Mp of p G M, and a spacelike Cauchy 
surface Cp of Mp. By Proposition 13.11 C = Cp U {p} is an acausal Cauchy 
surface of M. 

Lemma A.l. For each continuous strictly positive function e : S — > M 
there exists a spacelike Cauchy surface So that meets p, such that |Te(y) — 
re„(y)| < e{y) for each y ^T.. 

Proof. Let us define = {F(re(y) ± A • e{y),y) | y G S}, < A < 1, 
and 3N[ = (M\ (J+(A+) U J-(yl^)))°. Notice that if p = F{to,yo) with 
> TeiVo) + A • e{yo), then p !N". In fact, the f-d timelike curve 

7(t) = F(Te(2/o)+t-e(yo),yo), [A , (to - re(yo)) • e(2/o)"^], 

joins the point F{Te{yo) + A • £{yo),yo) S with p. Analogously, if p = 
F{to-,yo) with to < TeiVo) — A • £{yo)i then p does not belong to !N. Hence 

peJ^, p = F{t,y) ^ \t - T^{y)\ < X ■ £{y) ^ \t - T^{y)\ < e{y). 

Now, as 3sf is globally hyperbolic, there is a spacelike Cauchy surface Co of 
3Sf that meets p. Co is also a spacelike Cauchy surface of M. Since Co C 3sf, 
we have |Te(y) — Te^(y)| < for each y G S □ 

Lemma A. 2. Let Cp and C as above. Consider three connected, relatively 
compact, open subsets G,Ui,U2 of Qp that verify G C Ui, Ui C U2. Then, 
there exists a smooth acausal Cauchy surface Co of M that meets p, such that: 

a) J (G) n Co C ^eoX.(f/l), h) J ($e„,e(f/l)) □ C C C/2. 

Proof. The sets 3sfi±, defined as (D^(C/i))°, are globally hyperbolic. Let 
us take two spacelike Cauchy surfaces Si± of Jii±. Notice that Ci± = 
Si± U (C \ Ui) are acausal Cauchy surfaces of M, and that, there are two 
strictly positive continuous functions ei± : fe^{Ui) — > M such that §i± = 
{F{Te{y)±ei±{y),y) \ y G i^\Ui)}. Let us define 

= J"(j+(G)nSi+)nc , ?7i_ = J+(J"(G) nSi_) nc. 

Since J+(G)nei+ is a closed subset of Ci+ and J+(G)nei+ = J+(G)nSi+, 
we have that Ui+ is a closed subset of Ui and G C The same holds 

for Ui-. The set Wi = Ui^ U C/i_ is closed, compact (because contained 
in a relatively compact set) and G C Wi C Ui. We now apply the same 
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reasoning with respect to the inclusion Ui C U2- Namely, given two spacelike 
Cauchy surfaces §2± of the spacetimes (D^{U2))°, we consider the acausal 
Cauchy surfaces S2± of M defined as C2± = S2± U (C \ U2)- As above, 
there are two strictly positive continuous functions e2± such that §2± = 
{F(Te(y) ± £2±{y)-,y) I U ^ fe^(f^2)}- Thus, we can find a compact set W2 
of C verifying Ui C W2 C U2- Now let us define 

e = min< min {ei+(y), ei_ (y)} , min {e2+{y),e2-{y)} 

By Lemma lA. II there is a spacelike Cauchy surface Co of M that meets p, 
such that \Teo{y)—Te{y)\ < £ for each y € S. Since G C Wi, by the definition 
of e the set J+(G) n Co is in the past of J+(G) n while J"(G) n Co is in 
the future of J~(G) fl Hence, we have 

j(j(G)neo)necVFi. 

This entails 

^e,eAHG)neo) = fe of-;(j(G) ne^) c t^i 

^ J(G)neoC$e„,e(VFi) ^ J(G)neoC$e.,e(f/l), 

completing the proof of the statement a) . The same reasoning applied to the 
inclusion Ui C U2 leads to J(J(I7i)neo)ne C W2- As ^e„^e{Ui) is contained 
in the closed set J(I7i) n Co, we have that J($eo,e(f^i)) CW2 CU2. □ 

Proposition A. 3. Let D G 3Co(Mp) anc? let V be an open set of JAp such 
that T> C V . Then, there exist a spacelike Cauchy surface Co of M that 
meets p, and Do G 3Co(M, Co) swc/i t/iai V C Do, and Do C (D(y))°. 

Proof. Assume that D is based on a spacelike Cauchy surface Sp of Mp and 
let G C Cp be the base of D. The set C/ = V n Cp is open in Cp and G CU. 
According to [TTI, Lemma 3] we can find Ui,U2 G ©(Cp) such that G C C/i, 
Ui C U2 and U2 CU. Let C be the acausal Cauchy surface of M defined as 
Cp U {p} . By Lemma IA.2I there is a spacelike Cauchy surface Co of M that 
meets p, such that 

j(G)nCoC$e„,e(f/l), j($e„.e(f/l)) nCcC/2. 

fco is a diffeomorphism between S and Co because Co is spacelike. Notice 
now that fe : S — > Cp U {p} is an homeomorphism because C = Cp U {p} 
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is an acausal, in general nonsmooth, Cauchy surface of M. However, Cp is 
spacelike, hence smooth. Then, it easily follows from the definition of fe that 
fe : S \ {fe '(P)} — > Cp is a diffeomorphism. Then, Do = {B{^eo,e{Ui)))° 
is a regular diamond of M based on Cq. Th.G previous inclusions enta.il that 
V C Vo, C (D(C/2))° C (D(y))° completing the proof. □ 

Because (jH} the Proposition IA.3I proves the first part of the Proposition 
13.31 Concerning the second part, we have the following 

Proposition A. 4. Let D G 3Co(M) he such that T> ± {p} and let V be 

an open set of M such that D C V. Then, there exist a spacelike Cauchy 
surface Co of M, that meets p, and Do G 3Co(M, Co) such that D c Do, 
Do C (D(l/))° and Do ± {p}. 

Proof. The proof is very similar to the proof of Proposition IA.31 Assume 
that D = (D(G))° where G G (5(C) for some spacelike Cauchy surface C of 
M. Notice GnJ(p) = 0. Let us define C/ = (CnT/) \ (enJ(p)). [/ is an open 
set of e\ (Cn J(p)) ami GcU. By_pi Lemma 3] we can find Ui, U2 G ©(C) 
such that G C Ui, Ui C U2 and U2 C U. Now, notice that in general C 
does not meet p, hence the Lemmas lA.ll and IA.2I cannot be applied. In 
this case, however, we can use directly |1H Lemma 5] that asserts that for 
each £ > there exists a spacelike Cauchy surface Co that meets p such that 
\Tciy)—Teo{y)\ < £ foi^ s-iiy y ^ fe ^(f^)- Proceeding as in Lemma lA.2[ one can 
choose e in such a way that J (G) n Co C $eo,e(C^i), J (^eo,e(C^i)) n C C C/2. 
Proceeding now as in Proposition IA.31 these inclusions lead to the proof of 
the statement. □ 
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